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Abstract
In this work, we study Hales–Jewett SAT instances and design

heuristics tailored to their structure. We observe that disabling

activity updates in VSIDS significantly improves CDCL solver per-

formance, suggesting that conflict-driven branching induces an

inefficient ordering of points when coloring the hypercube. Mo-

tivated by this, we develop an Incidence-Based Decision Making

(IBDM) heuristic that prioritizes variables based on the number

of combinatorial lines passing through each point, favoring struc-

turally central variables. We implement IBDM in CaDiCaL and

evaluate it on Hales–Jewett instances, where it consistently re-

duces conflict counts and yields runtime improvements on larger

instances. These results demonstrate that exploiting combinatorial

structure can yield meaningful gains over general-purpose heuris-

tics on domain-specific SAT instances.

1 Introduction
The Boolean Satisfiability (SAT) problem is a fundamental problem

in theoretical computer science. As the first problem shown to be

NP-complete [5], it plays a central role in complexity theory: every

problem in NP can be reduced to it.

Despite the absence of known polynomial-time algorithms for

SAT, modern SAT solvers routinely solve Boolean formulas with

millions of variables and clauses. This practical efficiency has led to

widespread applications in areas such as circuit verification [3, 4],

cryptography [12, 13], and combinatorics [7, 11].

SAT solvers have become a powerful tool for studying prob-

lems in Ramsey theory, a branch of combinatorics studying the

emergence of order within large, chaotic systems. By overcoming

the limitations of traditional structural methods, SAT solvers have

enabled the computation of exact values and improved bounds

for Ramsey-type numbers, including Schur, van der Waerden, and

Hales–Jewett numbers [7, 9, 10].

Boolean formulas arising from Ramsey-theoretic problems of-

ten exhibit strong, problem-specific regularity, allowing heuristic

parameters to be fine-tuned for entire classes of instances. Such

fine-tuning has been shown to significantly improve SAT solver per-

formance on formulas arising from the van der Waerden problem

[7]. We investigate whether similar improvements can be achieved

for the Hales–Jewett problem.

Using the Kissat [2] SAT solver, we demonstrate that disabling

variable activity updates in the VSIDS branching heuristic yields

significant performance improvements on Hales–Jewett SAT in-

stances. This suggests that conflict-driven branching induces a poor,

structure-agnostic ordering of points when coloring the hypercube,

leading to frequent conflicts and inefficient search.

Motivated by the limitations of conflict-driven branching, we

develop a new heuristic, Incidence-Based Decision Making (IBDM).

IBDM leverages the Hales–Jewett domain by ordering variables

according to the number of lines passing through their associated

points in the hypercube. This ordering ensures that points in highly

constrained regions of the hypercube are colored first.

To our knowledge, this is among the first approaches to ex-

plicitly incorporate combinatorial structure from a Ramsey-type

problem into a SAT heuristic. We implement IBDM by modifying

the CaDiCaL [1] SAT solver and evaluate its performance on several

Hales–Jewett instances against an unmodified CaDiCaL baseline.

Our method reduces conflicts relative to the baseline across all

tested instances.

Our results show that improved performance on Hales–Jewett

SAT instances arises from both careful fine-tuning of existing

heuristics and the design of new, structure-aware methods. More

broadly, we outline a framework for accelerating SAT solving on

domain-specific instances by incorporating structural information

into heuristic design, demonstrating that such approaches can out-

perform well-established general-purpose methods.

1.1 Outline
The remainder of the paper is organized as follows. In Section 2,

we introduce the necessary background on the Boolean Satisfiabil-

ity (SAT) problem, Conflict-Driven Clause Learning (CDCL) and

its branching heuristics, Hales–Jewett numbers, their SAT encod-

ings, and related work. In Section 3, we demonstrate the effect of

disabling activity updates in VSIDS and provide intuition for the

observed behavior. In Section 4, we introduce Incidence-Based De-

cision Making (IBDM) and describe its design, implementation, and

experimental results. In Section 5, we summarize our contributions,

discuss limitations, and outline directions for future work.

2 Background
In this section, we review the necessary background on SAT solv-

ing, CDCL heuristics, and the Hales–Jewett problem, along with

relevant prior work.

2.1 Boolean Satisfiability (SAT)
A Boolean formula over Boolean variables 𝑏1, . . . , 𝑏𝑛 is constructed

using the logical connectives conjunction (∧), disjunction (∨), and
negation (¬). An assignment 𝛼 : {𝑏1, . . . , 𝑏𝑛} → {0, 1} maps each

variable to a truth value, and a formula evaluates to either true or

false under such an assignment.

Boolean formulas are often expressed in conjunctive normal form
(CNF). A CNF formula is a conjunction of clauses, where each clause

is a disjunction of literals, and each literal is either a variable or its

negation. For example,

(𝑏1 ∨ ¬𝑏2) ∧ (¬𝑏3 ∨ 𝑏4 ∨ ¬𝑏5)

is a CNF formula consisting of two clauses.

The Boolean Satisfiability (SAT) problem asks whether there

exists an assignment of truth values to the variables of a given
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Boolean formula such that the formula evaluates to true. A formula

is said to be satisfiable if such an assignment exists, and unsatisfiable
otherwise.

2.2 Conflict-Driven Clause Learning (CDCL)
The dominant paradigm for solving SAT is Conflict-Driven Clause
Learning (CDCL) [3], which extends the classical DPLL [6] algo-

rithm with clause learning and non-chronological backtracking.

Algorithm 1 offers a high-level view of the CDCL procedure.

Algorithm 1 Conflict-Driven Clause Learning (CDCL)

1: 𝑀 ← ∅, 𝑑𝑙 ← 0

2: while𝑀 does not assign all variables do
3: UnitPropagate(𝑀)
4: if Conflict(𝑀) then
5: if 𝑑𝑙 = 0 then
6: return UNSAT

7: end if
8: 𝐶 ← AnalyzeConflict(𝑀)
9: Backtrack(𝑀,𝐶)
10: else
11: Decide(𝑀) ⊲ sets 𝑑𝑙 ← 𝑑𝑙 + 1
12: end if
13: end while
14: return SAT

The solver maintains a partial assignment 𝑀 together with a

current decision level𝑑𝑙 . As shown in Algorithm 1, CDCL alternates

between propagation, conflict analysis, and branching decisions

until it either finds a satisfying assignment or proves unsatisfiability.

The procedure UnitPropagate(𝑀) extends the current partial
assignment by repeatedly applying unit propagation. Whenever

a clause has all but one literal falsified under 𝑀 , the remaining

literal must be assigned true. These forced assignments are called

implications. Propagation continues until no further implications

can be derived or until a clause becomes falsified.

If propagation falsifies a clause, then Conflict(𝑀) holds. In
that case, the solver invokes AnalyzeConflict(𝑀) to derive a new
clause, called a learned clause, that explains the conflict and prevents
the same assignment pattern from recurring. The learned clause is

then used by Backtrack(𝑀,𝐶) to perform non-chronological back-
tracking, returning directly to an earlier decision level determined

by the conflict rather than undoing assignments one level at a time.

If no conflict occurs and 𝑀 is still incomplete, the solver calls

Decide(𝑀), which selects an unassigned variable, assigns it a truth

value, and thereby creates a new decision level. The process then

repeats until all variables are assigned, in which case the solver

returns SAT, or until a conflict occurs at decision level 0, in which

case it returns UNSAT.

2.3 Branching Heuristics
While Algorithm 1 presents a high-level view of the CDCL proce-

dure, its practical performance depends critically on the heuristics

used to implement its subroutines. In particular, the Decide(𝑀)
step relies on branching heuristics to select the next decision vari-

able and its assigned value.

2.3.1 VSIDS. The seminal variable selection heuristic is Variable
State Independent Decaying Sum (VSIDS). VSIDS assigns each vari-

able 𝑏𝑖 an activity score act[𝑏𝑖 ], which determines its priority in a

decision queue. At each decision step, the solver selects the variable

𝑏∗ = argmax

𝑏𝑖 ∈𝑈
(act[𝑏𝑖 ]) ,

where𝑈 denotes the set of unassigned variables.

The activity scores are initialized uniformly and are dynamically

updated during the search. In particular, when a variable 𝑏𝑖 appears

in a learned clause, its activity is increased according to

act[𝑏𝑖 ] ← act[𝑏𝑖 ] + Δ,
where Δ > 0 is a fixed increment. To prevent unbounded growth

and to emphasize recent conflicts, activity values are periodically

decayed:

act[𝑏𝑖 ] ← 𝛼 · act[𝑏𝑖 ], where 0 < 𝛼 < 1.

2.3.2 Polarity. Once a variable is selected, a polarity heuristic is
used to determine the truth value assigned to the chosen variable.

Common strategies include fixed polarity (always assigning true or

false), phase saving (reusing the variable’s most recent assignment),

and biased schemes that favor one value over the other.

While CDCL solvers employ a variety of heuristics, we focus on

branching heuristics; see [3] for a comprehensive overview.

2.4 Hales–Jewett Numbers
The Hales–Jewett Theorem is a cornerstone of Ramsey theory. It

asserts that for any 𝑘, 𝑟 ∈ Z+, there exists an integer 𝑛 such that for

all 𝑑 ≥ 𝑛, every 𝑟 -coloring of the discrete hypercube [𝑘]𝑑 admits a

monochromatic combinatorial line.

Here, a combinatorial line in [𝑘]𝑑 is a set of 𝑘 points obtained by

selecting a nonempty subset of coordinates to vary over all values

in [𝑘], while keeping the remaining coordinates fixed. For example,

in [3]2, the set
{(1, 2), (2, 2), (3, 2)}

forms a combinatorial line.

The minimal dimension 𝑛 for which monochromatic combina-

torial lines appear in every 𝑟 -coloring of [𝑘]𝑛 is called the Hales–
Jewett number and is denoted by 𝐻 𝐽 (𝑘 ; 𝑟 ).

Computing Hales–Jewett numbers is notoriously difficult, as the

associated search space grows exponentially. In this work, we focus

on the cases

𝐻 𝐽 (4; 2) and 𝐻 𝐽 (3; 3),
for which the best-known lower bounds are

𝐻 𝐽 (4; 2) ≥ 12 and 𝐻 𝐽 (3; 3) ≥ 14.

Determining𝐻 𝐽 (𝑘 ; 𝑟 ) requires establishing both lower and upper
bounds, by constructing an 𝑟 -coloring of [𝑘]𝑛 that avoidsmonochro-

matic combinatorial lines or proving that no such coloring exists.

In either case, this involves reasoning over the space of all possible

colorings of [𝑘]𝑛 . For 𝐻 𝐽 (4; 2), this entails examining

2
4
12

= 2
16,777,216

colorings of [4]12 and checking 227,363,409 lines per coloring. Sim-

ilarly, for 𝐻 𝐽 (3; 3), one must consider

3
3
14

= 3
4,782,969
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colorings of [3]14 and check 263,652,487 lines at each step.

This combinatorial explosion motivates the use of SAT-based

methods to efficiently search for monochromatic line-avoidant col-

orings, as brute-force approaches are computationally infeasible.

2.5 Hales–Jewett and SAT
We construct a Boolean formula 𝜑𝐻 𝐽 (𝑘 ;𝑟 )>𝑛 that is satisfiable if and

only if there exists an 𝑟 -coloring of [𝑘]𝑛 that avoids monochromatic

combinatorial lines, i.e., if and only if 𝐻 𝐽 (𝑘 ; 𝑟 ) > 𝑛.

2.5.1 Encoding 𝐻 𝐽 (4; 2). We begin by describing the encoding of

𝜑𝐻 𝐽 (4;2)>𝑛 . For each point 𝑥 ∈ [4]𝑛 , we introduce a Boolean variable
𝑏𝑥 , where 𝑏𝑥 = 1 indicates that 𝑥 is assigned the first color (e.g.,

red), and 𝑏𝑥 = 0 indicates the second color (e.g., blue).

For each combinatorial line

𝐿 = {𝑤 (1),𝑤 (2),𝑤 (3),𝑤 (4)} ⊆ [4]𝑛,
we add the constraints

¬bL := (¬𝑏𝑤 (1) ∨ ¬𝑏𝑤 (2) ∨ ¬𝑏𝑤 (3) ∨ ¬𝑏𝑤 (4) )
and

bL := (𝑏𝑤 (1) ∨ 𝑏𝑤 (2) ∨ 𝑏𝑤 (3) ∨ 𝑏𝑤 (4) )
to the formula 𝜑𝐻 𝐽 (4;2)>𝑛 . The first clause prevents all points in 𝐿

from being assigned the first color, while the second prevents all

points from being assigned the second color. Together, these clauses

ensure that 𝐿 is not monochromatic.

Applying this construction to all combinatorial lines yields the

formula

𝜑𝐻 𝐽 (4;2)>𝑛 =
∧
𝐿∈L
(¬bL ∧ bL),

which is satisfiable if and only if 𝐻 𝐽 (4; 2) > 𝑛.

2.5.2 Encoding 𝐻 𝐽 (3; 3). Next, we outline the process by which

we encode 𝜑𝐻 𝐽 (3;3)>𝑛 . For each point 𝑥 ∈ [3]𝑛 , we introduce three
Boolean variables

(𝑏𝑥,1, 𝑏𝑥,2, 𝑏𝑥,3),
where 𝑏𝑥,𝑖 = 1 indicates that point 𝑥 is assigned color 𝑖 .

For each 𝑥 ∈ [3]𝑛 , we introduce the exactly-one constraint

xor :=
{
(𝑏𝑥,1 ∨ 𝑏𝑥,2 ∨ 𝑏𝑥,3) ∧

(
(¬𝑏𝑥,𝑖 ∨ ¬𝑏𝑥,𝑗 ) for all 𝑖 < 𝑗

) }
,

which ensures that exactly one color is assigned to 𝑥 .

Then, for each combinatorial line 𝐿 = {𝑤 (1),𝑤 (2),𝑤 (3)} ⊆ [3]𝑛 ,
we introduce the constraints∧

𝑖∈{1,2,3}
¬bL,i,

where

¬bL,i := (¬𝑏𝑤 (1),𝑖 ∨ ¬𝑏𝑤 (2),𝑖 ∨ ¬𝑏𝑤 (3),𝑖 ).
Each clause ¬bL,i prevents all points in 𝐿 from being assigned

color 𝑖 , and together these clauses ensure that 𝐿 is not monochro-

matic.

Applying this construction to all points and combinatorial lines

yields

𝜑𝐻 𝐽 (3;3)>𝑛 =
©­«

∧
𝑥∈[3]𝑛

xor
ª®¬ ∧ ©­«

∧
𝐿∈L

©­«
∧

𝑖∈{1,2,3}
¬bL,iª®¬ª®¬ ,

which is satisfiable if and only if 𝐻 𝐽 (3; 3) > 𝑛.

For amore detailed discussion of SAT encodings for Hales–Jewett

problems, we refer the reader to [9].

2.6 Related Work
SAT-based methods have been widely applied to Ramsey-type prob-

lems, improving our understanding of classical parameters such

as Schur numbers [10], van der Waerden numbers [7], and Hales–

Jewett numbers [9]. However, the extent to which domain-specific

structure can improve SAT solver heuristics remains underexplored,

especially in the context of the Hales–Jewett problem.

Heuristic fine-tuning has proven effective for SAT instances

arising from combinatorics, as demonstrated by NegVanSAT [7], a

solver tailored to van der Waerden formulas. By modifying MiniSat

to use fixed negative polarity rather than the standard fixed posi-

tive polarity, Abd El-Maksoud and Abdalla solved these instances

at record speed. Their approach yielded new values for van der

Waerden numbers that were previously computationally infeasible.

We extend their approach in two key ways. First, we focus on

Hales–Jewett instances, where heuristic fine-tuning remains largely

unexplored. Second, we move beyond parameter tuning by design-

ing a new heuristic that incorporates combinatorial structure from

the Hales–Jewett domain into solver branching decisions.

3 Bias in Branching
In this section, we examine how branching heuristics affect per-

formance on Hales–Jewett SAT instances. All experiments were

conducted on the Colgate Supercomputer using Kissat, a state-of-

the-art CDCL SAT solver based on CaDiCaL. We report single-run

results, as the solver is deterministic under fixed settings, and im-

pose a time limit of 700 hours.

We find that polarity-based modifications, similar to those used

in NegVanSAT, do not yield consistent improvements on Hales–

Jewett instances. In contrast, modifications to VSIDS produce sub-

stantial and reliable performance gains, and form the primary focus

of our analysis.

3.1 Disabled Activity Bumping in VSIDS
Our primary improvement arises from disabling VSIDS activity

score updates. Specifically, we initialize all activity scores uniformly,

act[𝑏𝑖 ] = 1,

and enable –no-bump to keep scores fixed during the search. Vari-

able selection then follows a static ordering determined at initializa-

tion, eliminating the adaptive, conflict-driven behavior of VSIDS.

3.2 Results
Despite the central role of VSIDS inmodern CDCL solvers, disabling

its activity updates leads to substantial performance improvements

on Hales–Jewett SAT instances. Tables 1 and 2 show that this modi-

fication significantly reduces both solving time and conflict counts.
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Table 1: Kissat Runtime (s) and Conflicts on 𝝋𝑯 𝑱 (3;3)>𝒏

Baseline No-Bump

𝑛 Time (s) Conflicts Time (s) Conflicts

7 0.09 76 0.10 97

8 51.2 810K 0.45 258

9 364 3.55M 2.61 693

10 91.7K 568M 653 1.31M

Table 2: Kissat Runtime (s) and Conflicts on 𝝋𝑯 𝑱 (4;2)>𝒏

Baseline No-Bump

𝑛 Time (s) Conflicts Time (s) Conflicts

7 14.5 226K 1.25 12.8K

8 78.9 721K 87.9 249K

9 1.95K 7.61M 884 1.97M

For small instances (𝑛 ≤ 6), both configurations perform simi-

larly, as these cases are easily solved. For larger instances, however,

the effect becomes pronounced. For 𝜑𝐻 𝐽 (3;3)>10, the baseline solver
requires over 25 hours, whereas the –no-bump configuration com-

pletes in under 11 minutes, with over two orders of magnitude

fewer conflicts. For 𝜑𝐻 𝐽 (4;2)>𝑛 , the impact is more moderate but still

significant. While runtime improvements are less consistent (for

example, at 𝑛 = 8 the –no-bump configuration is slightly slower),

conflict counts are consistently reduced, often by substantial mar-

gins, indicating a more efficient search process.

Overall, these results show that conflict-driven branching is not

well-suited to Hales–Jewett SAT instances. Although such heuris-

tics prioritize recently relevant Boolean variables, they appear to

produce a near-random ordering of points in the hypercube. The

constraints induced by combinatorial lines are highly symmetric

and distributed, so conflicts do not concentrate on a small subset

of variables. As a result, VSIDS activity updates reflect diffuse and

rapidly changing conflict information rather than identifying per-

sistently important variables, leading to unstable and effectively

uninformative variable orderings that degrade search efficiency.

In contrast, a fixed ordering enforces a more structured pro-

gression through the hypercube, reducing conflicts and improving

efficiency, thereby motivating the development of structure-aware

branching heuristics.

4 Structure-Aware Heuristic Design
In this section, we introduce a new branching heuristic, Incidence-
Based Decision Making (IBDM), tailored to Hales–Jewett instances,

describe its implementation, and evaluate its performance against

a CaDiCaL baseline.

4.1 Incidence-Based Strategy
We begin by grounding the heuristic in the combinatorial structure

of the Hales–Jewett problem. Points in [𝑘]𝑛 lie on varying numbers

of combinatorial lines, depending on how many coordinates share

the same value.

Let 𝑥 = (𝑥1, . . . , 𝑥𝑛) ∈ [𝑘]𝑛 . For each 𝑎 ∈ [𝑘], let𝑚𝑎 denote the

number of coordinates of 𝑥 equal to 𝑎. The number of combinatorial

lines passing through 𝑥 is then

inc(𝑥) :=
𝑘∑︁

𝑎=1

(2𝑚𝑎 − 1) .

This follows since each combinatorial line through 𝑥 arises by

selecting a nonempty subset of coordinates equal to some 𝑎 and

allowing them to vary over [𝑘], giving 2𝑚𝑎 −1 possibilities for each
𝑎 ∈ [𝑘]. We refer to this quantity as the incidence of 𝑥 .

Intuitively, assigning a color to a point that lies on many combi-

natorial lines imposes stronger global constraints than assigning a

color to a lower-incidence point. We therefore prioritize variables

corresponding to high-incidence points.

Let 𝑏𝑥 denote the Boolean variable corresponding to a point

𝑥 ∈ [𝑘]𝑛 . In our approach, we set

act[𝑏𝑥 ] = inc(𝑥) .

At initialization, these scores are fixed, and activity updates are

disabled. As a result, variable selection is determined entirely by

the incidences of points in the hypercube.

4.2 IBDM Implementation
We considered several solver frameworks for implementing IBDM.

MiniSat lacks sufficient performance onHales–Jewett SAT instances,

while Kissat’s tightly optimized codebase makes targeted modifica-

tions difficult. We therefore use CaDiCaL, which provides a balance

of competitive performance and sufficient flexibility for controlled

heuristic modifications.

To solve 𝜑𝐻 𝐽 (𝑘 ;𝑟 )>𝑛 , we compute inc(𝑥) for all 𝑥 ∈ [𝑘]𝑛 using a

Julia script [8]. These scores are then supplied to CaDiCaL to ini-

tialize variable activities. We add a file loader in src/score.cpp to
read externally generated scores, introduce the necessary declara-

tions in src/internal.hpp, and update the init_scores routine

to assign

act[𝑏𝑥 ] = inc(𝑥)

for each variable 𝑏𝑥 . The solver is executed with activity updates

disabled (CaDiCaL flags -bump=0, -stabilizeonly=1), ensuring
that branching decisions are determined entirely by the incidence-

based initialization.

4.3 IBDM Results
Weevaluate IBDMon the Boolean formulas𝜑𝐻 𝐽 (3;3)>𝑛 and𝜑𝐻 𝐽 (4;2)>𝑛
for 7 ≤ 𝑛 ≤ 9. We use the number of conflicts as a proxy for search

efficiency, isolating the effectiveness of the branching heuristic

from implementation-specific overhead. Because CaDiCaL is less

optimized than Kissat, the range of solvable instances is limited.

Tables 3 and 4 compare IBDM against a baseline CaDiCaL configu-

ration with uniform activity initialization and updates disabled.
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Table 3: CaDiCaL Runtime (s) and Conflicts on 𝝋𝑯 𝑱 (3;3)>𝒏

Baseline IBDM

𝑛 Time (s) Conflicts Time (s) Conflicts

7 0.19 134 0.18 77

8 0.77 386 0.76 307

9 4.54 3.29K 4.55 1.28K

Table 4: CaDiCaL Runtime (s) and Conflicts on 𝝋𝑯 𝑱 (4;2)>𝒏

Baseline IBDM

𝑛 Time (s) Conflicts Time (s) Conflicts

7 150 666K 5.57 21.1K

8 8.53K 28.2M 2.58K 3.32M

9 Unknown Unknown Unknown Unknown

For 𝜑𝐻 𝐽 (3;3)>𝑛 , IBDM reduces the number of conflicts across all

instances, with the difference increasing as 𝑛 grows. Although this

does not translate into runtime improvements, the reduction in

conflicts indicates a more efficient search process. We attribute the

lack of runtime gains to the overhead of computing and loading

incidence scores relative to the short solve times.

The performance improvements of IBDM on 𝜑𝐻 𝐽 (4;2)>𝑛 are sub-

stantial, yielding reductions in both runtime and conflicts. In par-

ticular, we observe an order-of-magnitude speedup at 𝑛 = 7 and

similarly large gains at 𝑛 = 8. Due to limitations of our CaDiCaL-

based implementation, instances with 𝑛 = 9 were not tractable.

5 Discussion, Limitations, and Future Work
In this section, we summarize our findings, outline limitations of

our approach, and suggest directions for future work.

5.1 Discussion
We first identify a limitation of the seminal conflict-driven branch-

ing heuristic VSIDS. We show that VSIDS is poorly suited to Hales–

Jewett SAT instances and that disabling activity updates yields

substantial performance gains. This indicates that fixed variable

orderings are more effective for these instances.

We then design a structure-aware branching heuristic, Incidence-

Based Decision Making (IBDM). Building on the above observation,

IBDM orders variables for branching using a combinatorial notion

of incidence. In this approach, variables corresponding to high-

incidence points in [𝑘]𝑛 are prioritized in the ordering, effectively

assigning colors to the most structurally central points first.

We implement IBDM in CaDiCaL and evaluate it against a base-

line configuration with activity updates disabled. IBDM consistently

reduces conflict counts on Hales–Jewett instances and, in some

cases, yields substantial runtime improvements. These gains be-

come more pronounced as 𝑛 increases, suggesting that the benefits

of IBDM grow with instance size.

More broadly, these findings demonstrate that incorporating

domain-specific knowledge into SAT heuristics can significantly im-

prove performance on structured instances. Unlike general-purpose

heuristics such as VSIDS, which are agnostic to problem geometry,

structure-aware approaches like IBDM exploit this information to

guide the solver more effectively. Together, these results highlight

structure-informed heuristic design as a promising direction for

SAT-based approaches to combinatorial problems.

5.2 Limitations
Our evaluation is constrained by the computational difficulty of

the Hales–Jewett problem, limiting experiments to a small range of

instances. While the observed trends are consistent across all tested

cases, extending the analysis to larger instances would provide

stronger evidence of scalability, particularly for IBDM.

In addition, our implementation of IBDM is based on CaDiCaL,

and it remains unclear how readily these modifications can be

incorporated into highly optimized solvers such as Kissat without

affecting overall performance. Such integration is likely necessary

to fully realize the potential of our approach for improving Hales–

Jewett lower bounds in practice.

5.3 Future Work
This work opens several directions for future research, centered on

improving the practical performance of IBDM and extending the

role of structure-aware heuristics in SAT solving.

A natural next step is to integrate IBDM into Kissat. While our

CaDiCaL-based implementation demonstrates strong performance

gains, implementing IBDM in a highly optimized solver is likely

necessary to translate these improvements into stronger lower

bounds for Hales–Jewett numbers.

Second, many opportunities remain to incorporate Hales–Jewett

structure into SAT solving. Algorithms based on alternative mea-

sures, such as symmetry classes induced by coordinate permu-

tations, as well as extensions to other SAT heuristics, may yield

further improvements.

Third, the approach developed in this work may extend beyond

the Hales–Jewett setting. Investigating structure-aware heuristic

design for other classes of Boolean formulas—such as those arising

from graph theory or network analysis, where notions of combina-

torial incidence naturally arise—is a promising direction.

Finally, hardware-accelerated approaches, particularly FPGA-

based SAT solving combined with structure-aware heuristics, may

offer a path toward scaling these methods to substantially larger

instances.
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